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Abstract
Propagation of weak gravitational waves, when a dynamical four-form is around, has been in-
vestigated. Exact, self-consistent solutions corresponding to plane, monochromatic gravitational
waves have been studied.
1
INTRODUCTION
There are strong observational evidence in support of an accelerating universe. A small
but positive cosmological constant or some dark energy could be responsible for the acceler-
ated expansion [1,2 and references therein]. Is there a geometrical origin to the dark energy?
In special relativity, ηµν and ǫµνρσ are both invariant under proper Lorentz transformations.
Space-time geometry represented by gµν (that becomes ηµν in a local inertial frame) is dy-
namical in general relativity (GR). What about ǫµνρσ in GR? Taking this as a cue, we extend
GR by considering a dynamical four-form w˜ [3],
w˜ =
1
4!
wµνρσd˜x
µ ∧ d˜xν ∧ d˜xρ ∧ d˜xσ (1a)
so that,
wµνρσ(x
α) = φ(xα)ǫµνρσ (1b)
with φ(xα) being a scalar-density of weight +1, that transforms as φ→ φ/J , under a general
coordinate transformation.
Dynamical scalar-densities have been considered previously in the context of non-metric
volume-forms [4,5 and references therein]. Our approach however is different, stressing on
its association with Chern-Simons extension and dark energy [3,6]. We study the action S,
S = −m
2
P l
16π
∫
R
√−gd4x+
∫
L
√−gd4x +
+
A
4!
∫
φ wµναβ;λ wµναβ
;λ d4x+B
∫
φ(x)d4x+ SGCS (2)
with a Chern-Simons part SGCS, inspired by Jackiw and Pi’s paper [6],
SGCS = H
∫
wµναβ[Γσντ∂αΓ
τ
βσ +
2
3
ΓσντΓ
τ
αηΓ
η
βσ]φ;µ d
4x (3)
where L is the Lagrangian density for matter fields while A and B are real valued parameters
with dimensions (mass)2 and (mass)4, respectively. H is a dimensionless real constant in
eq(3).
Equations of motion that ensue from extremizing S are given by,
ψ ;α;α =
1
2
[
gµν
ψ,µψ,ν
ψ
+
B
A
ψ − H
4A
ψ wµναβRτσαβR
σ
τµν
]
(4)
and,
Rµν − 1
2
gµνR =
8π
m2P l
[Tµν + Θ¯µν + Cµν ] (5)
2
where the scalar field ψ is related to φ simply as ψ ≡ φ√−g while,
Θ¯µν = 2A
[
ψ,µψ,ν
ψ
− gµν
2
(
gαβ
ψ,αψ,β
ψ
+
B
A
ψ
)]
(6)
and Cµν is the standard Cotton tensor [6],
Cµν ≡ 2 H√−g
[
(lnψ);α;β
(
∗Rβµαν + ∗Rβναµ
)
− (lnψ);α
(
ǫαµστRνσ;τ + ǫ
ανστRµσ;τ
)]
(7)
with,
∗RR ≡ 1
2
ǫµναβRτσαβR
σ
τµν ∗Rτρµν ≡
1
2
ǫµναβRτραβ .
For a smooth FRW universe, the Chern-Simons extension has no effect since the Cotton
tensor vanishes identically. But inhomogeinity and anisotropy resulting from gravitational
collapse of cold dark matter would result in a non-vanishing ∗RR on smaller length scales,
which would act as a source of the dynamical four-form due to eq.(4). This can lead to a
late time accelerated expansion of the universe if A and B have suitable values [3]. If B < 0,
one can interpret ±√ψ to be a quintessence field with a mass µ =
√
−B
4A
. A Chern-Simons
extension to electrodynamics follows naturally from the dynamical four-form. Its effect on
magnetohydrodynamics equations in the context of Cowling’s theorem and pulsars has been
examined [7].
PROPAGATION OF GRAVITATIONAL WAVES
In this section, we study the effect of the four-form on gravitational waves (GWs) by
assuming that, except for a weak GW and ψ, there is no other matter present. Adopting a
TT-gauge for the plane GW travelling along the x-axis,
h⊕ ≡ h22(t, x) = −h33(t, x) h⊗ ≡ h23(t, x) = h32(t, x)
we express S of eq.(2), using gµν = ηµν + hµν and retaining only upto quadratic terms in h⊕
and h⊗ for the gravitational part of the action [6,8],
S ≈ −m
2
P l
8π
∫
[h⊕(h¨⊕ − h′′⊕) + h⊗(h¨⊗ − h′′⊗)]d4x+ SGCS + Sφ (8)
with,
SGCS = −H
∫
ητλ
(
∂2 lnψ
∂x∂xτ
(h⊕h⊗,0λ − h⊗h⊕,0λ) + ∂
2 lnψ
∂t∂xτ
(h⊗h⊕,1λ − h⊕h⊗,1λ)
)
d4x
3
−H
∫
∂ lnψ
∂x
(
h⊕(h¨⊗,0 − h′′⊗,0)− h⊗(h¨⊕,0 − h′′⊕,0)
)
d4x
+H
∫
∂ lnψ
∂t
(
h⊕(h¨⊗,1 − h′′⊗,1)− h⊗(h¨⊕,1 − h′′⊕,1)
)
d4x
and,
Sφ =
∫ [A
ψ
ηµνψ,µψ,ν +Bψ − A
ψ
(
h⊕(ψ,2ψ,2 − ψ,3ψ,3) + 2h⊗ψ,2ψ,3
)]
d4x
Equations of motion that follow from variation of S (eq.(8)) with respect to h⊕, h⊗ and
ψ are given by,
h¨⊕−h′′⊕ = −
8π
m2P l
[
H
{
∂2χ
∂t∂x
(h¨⊗+h
′′
⊗)−h⊗,01
(
∂2χ
∂t2
+
∂2χ
∂x2
)
+
∂χ
∂x
(h¨⊗,0−h′′⊗,0)−
∂χ
∂t
(h¨⊗,1−h′′⊗,1)
}
+
+A expχ
{(
∂χ
∂y
)2
−
(
∂χ
∂z
)2}]
(9)
h¨⊗−h′′⊗ =
8π
m2P l
[
H
{
∂2χ
∂t∂x
(h¨⊕+h
′′
⊕)−h⊕,01
(
∂2χ
∂t2
+
∂2χ
∂x2
)
+
∂χ
∂x
(h¨⊕,0−h′′⊕,0)−
∂χ
∂t
(h¨⊕,1−h′′⊕,1)
}
+
+2A expχ
∂χ
∂y
∂χ
∂z
]
(10)
and
∂µ∂µχ+
1
2
ηµν
∂χ
∂xµ
∂χ
∂xν
− B
4A
= h⊕
[
∂2χ
∂y2
− ∂
2χ
∂z2
+
1
2
(
∂χ
∂y
)2
− 1
2
(
∂χ
∂z
)2]
+2h⊗
[
∂2χ
∂y∂z
+
1
2
∂χ
∂y
∂χ
∂z
]
(11)
where χ ≡ lnψ. The derivatives with respect to time t and x-coordinate are denoted by dot
and prime, respectively.
A simplification occurs if we assume ψ to depend only on the x-coordinate and time,
like the GW amplitude. With χ = χ(t, x), the last terms in eqs.(9) and (10) drop out.
Introducing the complex circularly polarized GW amplitudes [8],
hR =
1√
2
(h⊕ + ih⊗) hL =
1√
2
(h⊕ − ih⊗)
one finds from eqs.(9) and (10) that,
h¨R − h′′R = −
8πHi
m2P l
[
χ˙
∂
∂x
(h¨R − h′′R)− χ′
∂
∂t
(h¨R − h′′R) + h˙′R(χ¨+ χ′′)− χ˙′(h¨R + h′′R)
]
(12)
h¨L − h′′L =
8πHi
m2P l
[
χ˙
∂
∂x
(h¨L − h′′L)− χ′
∂
∂t
(h¨L − h′′L) + h˙′L(χ¨+ χ′′)− χ˙′(h¨L + h′′L)
]
(13)
4
Since χ = χ(t, x), the equation of motion for the four-form given by eq.(11) simplifies to,
χ¨− χ′′ + 1
2
(χ˙2 − χ′ 2) + 2µ2 = 0 (14)
where µ ≡
√
− B
4A
acts as the mass of the four-form field [3]. Seeking exact solutions,
involving monochromatic and circularly polarized GWs, we substitute,
hR(t, x) = h exp(i(ωt− kx))
in eqs.(12), leading to a relation,
ω2 − k2 = −β[k(ω2 − k2)χ˙+ ω(ω2 − k2)χ′ − iωk(χ¨+ χ′′)− i(ω2 + k2)χ˙′] (15)
where β ≡ 8piH
m2
Pl
.
If w = ±k, eq.(15) implies,
2χ˙′ ± (χ¨+ χ′′) = 0 . (16)
The only self-consistent solution of eqs.(14) and (16) is,
χ(t, x) = (a0 − µ
2
a0
)t + (a0 +
µ2
a0
)x (17)
where a0 is an integration constant. But the above solution is unphysical, as it implies an
exponentially growing ψ. On the other hand, when w2 > k2,
kχ˙+ ωχ′ +
1
β
= 0⇒ χ′′ = k
2
w2
χ¨ (18)
and therefore, χ = χ(x− ω
k
t), leading to an exact solution for a1 ≥ λ,
χ = ln
(√
a1
λ
cos2
(
±
√
λ
2
(t− k
ω
x) + a2
))
(19)
where λ ≡ 2ω2µ2
ω2−k2 , a1 and a2 are integration constants. Hence, ψ = exp(χ) ∝ cos2
(
±
√
λ
2
(t−
k
ω
x) + a2
)
, with |ω| > |k|, is an acceptable solution. Indeed, it is possible to have plane
and monochromatic GWs with phase velocity exceeding the speed of light. However, eq.(14)
being a nonlinear differential equation, obtaining exact solutions corresponding to GWs with
superposed wave modes is non-trivial.
5
SUMMARY
Gravitational waves propagating in the presence of a dynamical four-form can be de-
coupled using circularly polarized waveforms. In this paper, we have obtained exact, self-
consistent solutions, and have shown that the phase velocity of a monochromatic gravita-
tional wave can generically exceed the speed of light.
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